International Journal of Mathematics and 
Computer Applications Research (IJMCAR) 
ISSN(P): 2249-6955; ISSN(E): 2249-8060 
Vol. 4, Issue 3, Jun 2014, 73-86 
© TJPRC Pvt. Ltd. 



TRANS 


■ Journal Publications ■ Research Consultancy 


ON ^-COMPACT SPACES 

ALIAS B. KHALAF 1 , ABDULRAHMAN H. MAJEED 2 & JAMIL M. JAMIL 3 

'Department of Mathematics, University of Duhok, Kurdistan, Region, Iraq 
"’Department of Mathematics, University of Baghdad, Baghdad, Iraq 


ABSTRACT 

The aim of this paper is to introduce and study the concepts of 55 -compact space, 55 -compact subspace and 
countably 55 -compact space via 55 -open sets like wise to investigate their relationships to other well known types of 
compactness. 
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1. INTRODUCTION 

Compactness plays an important role in general topology and so many authors have been discussed and 
introduced weak and strong forms of compactness. In 1981, semi-compactness was studied and investigated by 
Dorselt [10] and several new and interesting results have been found. In 1976, Thompson [29] defined the concept of 
S-closed spaces and gave several properties about this space. Mathur [21] established several properties and relations 
between compact and S-closed spaces. The class of countably S-closed space was introduced by Dlaska [5] Recently, the 
authors introduced the concept of Sj-open and Sj-continuity [16]. The main purpose of this paper to introduce the notation 
of Sj-compact space, we give some characterizations of Sj-compact spaces by using filers and investigate its relation with 
other types of compactness and define countably Sj-compact. In the last section, we give important characterizations about 
Sj-compact subspaces and %-sets. 

For a subset .4 of a space X, cl (,4) and ? represent the closure and interior of A respectively. A subset A of A 
is called semi-open [19] (a-open [22], pre-open [20], regular open [28]) set if ,4 E altwiGO, (resp., ,4 £ tMteltwiGO, 
A E Intel (A), ,4 = Intel (A)). The complement of semi-open (a-open, pre-open, regular open) set is called semi-closed 
(resp., ffi- closed, pre- closed, regular closed) set. A subset A of topological space (A', t) is called ' 8 -open (resp., (5-open) 
set [30] if for each x £ .4, there is an open (resp., open) set U such that x E U E cl(L0 £ A (resp., x E U E Intel (17) E ,4). 
A subset A of a topological space X, is said to be 8 -semi-open [13] (resp., semi -8 -open [4]) set if for each x E .4, there is a 
semi-open set V such that x £ U E Q .4 (resp., x E U '= srftlO '= .4). A set .4 is called semi-regular [ 6 ], if it is both 

semi -open and semi-closed also. The family of all semi open (resp., regular open, pre-open, regular-semi-open, 8 -open, 
8 -semi-open, semi- 8 -open, semi-regular) sets of Ais denoted by (resp., RO(X), PO{X’), RSO{X'), i3£?(A), 

iWCAQ, SRQ Q. 

2. PRELIMANARIES 

In this section, we give some definitions and results which are needed in the next sections. 
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Definition 2.1: A topological space X is called: 

• Locally indiscrete [3], if every open set in X is closed. 

• Extremally disconnected [6], if the closure of every open subset of X is open or the interior of every closed subset 

of X is closed. 

• Semi-Ti [1], If for every two distinct points x, y in X, there exist two semi open sets, one containing x but not y 

and the other containing y but not x. 

• Semi-TjP], If for every two distinct points x, y in X, there exist two disjoint semi open sets 17 and 17 such that 

x £ U and y E (7. 

Proposition 2.2 [3]: If X is a locally indiscrete space, then each semi-open subset of X is closed and hence each 
semi-closed subset of X is open. 

Definition 2.3: A filter base 2 in a topological space (X t) is said to be rc -converge [13] (resp.,£'-converge [30] 
and tLconverge [25]) to x E X if for each regular closed (resp., open and open) subset Uof X. containing x, there exists 
F E 2 such that F Q U (resp., int clCF) E U and cl ( f) E U). 

Definition 2.4: A filter base 2 in a topological space CX t) is said to be rc-accumulate [13] ( res p . , fi'-acc u m u I ate 
[30] and ^'-accumulate [25]) to a point x E X if for each regular closed (resp., open and open) subset I/of X containing 
x, there exists an F E 2 such that F n U += (resp., int cE^Fj n U =f= and cl (Fj H U = tf>). 

Definition 2.5 ([5]): A topological space (X;t) is called semi regular, if for each semi-closed F and each x £F 
there exist disjoint semi-open sets If and V such that F '= U and x E V. 

Definition 2.6 [1]: A topological space (Xt) is called is S"-regular if and only if for every point x >= X and 
every semi-closed set F in X such that .r £ F, there exists disjoint open sets G and F such that rE f and F £ H. 

Theorem 2.7 [1]: A topological space (X, t ) is called is S“’-regular if and only if for every semi-open 
G containing x, there exists a semi open R such that rE HQ cl(H) = G. 

Definition 2.8: A space X is called semi-compact [11] (resp., compact [26], nearly compact [8], mildly 
compact [27], strongly compact [11] and 0-compact [25]) if every semi-open ( resp., open, regular open, clopen, pre-open 
and 0-open) cover of X admits a finite subcover. 

Definition 2.9 [7]: A topological space C’L t) is called strongly S-closed if every closed cover of ” has finite 
subcover. 

Definition 2.10: A topological space (X r’l is said to be S-closed [29] (resp., s-closed [4], N-closed [23] and quasi 
H-closed [9]) if for every semi-open (resp., semi-open, open and open) cover E A} of X there exists a finite 

subfamily A. of A such that X = (resp., X = Cl7i), X = int X = rf(il/j)). 

Lemmas 2.11: The following properties are true: 
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• A space X is S-closed if and only if every regular closed cover of X has a finite subcover [21]. 

• A space X is s-closed if and only if every semi regular cover of X has a finite subcover [4]. 

Definition 2.12: A space X is called countably S-closed [5] (resp., semi-countably compact [6]) if every countable 
cover of X by regular closed (resp., semi-open) sets has finite subcover. 

Definition 2.13 [24]: A space X is called feebly compact if every countable open cover of X has a finite subfamily 
such that the closure of whose members covert. 

Definition 2.14 [15]: A function f’.X — *■ Y is called 05-continuous if the inverse image of each open subset of 
F is 8 —semi open set in X . 

Definition 2.15 [16]: A semi open subset ,4 of a space X is called Ss -open if for each x E .4, there is a semi 
closed set F such that ref '= ,4. 

The family of all Ss -open subsets of the topological space (A\t) is denoted by JjO(A'). 

Lemma2.16 [5]: A space X is semi -regular if and only if for every point x t X and every semi -open G containing 
x, there exists a semi open H such that x E H E scE(/T) £ G. 

Proposition 2.17 [16]: Let (F, Ty) be subspace of (X,T) and .4 £ Y. If .4 is Ss -open set of Y and F is semi-regular 
set in X, then .4 is Ss -open set in X. 

Proposition 2.18[16]: Let (Y, t ¥ ) be an cr-open subspace of a space X. If .4 E S s O(X, t) and .4 E Y, then 
.4 E 

Proposition 2.19 [16]: Let X be topological space, and A,B E X. If .4 E $ S 0(X) and 3 is E-open and semi-closed 
then A fl B E S s O(x) 

Definition 2.20 [16]: A function fiX -» F is called Ss -continuous, if the inverse image of every open set in Y is 
an Ss -open set in X. 

Proposition 2.21 [16]: If a space X is semi-Tp, then S00f] = S s G(X) 

Definition 2.22 [18]: A function fiX — > Y is called contra Sj-continuous if is Ss-closed in X for each 

open set U in Y 

Definition 2.23 [17]: A function f'.'i -» Y is called almost S s -continuous (resp., weakly S s -continuous) if for each 
X £ X and each open set if in Y containing / fjc’) there is an Ss-open set G containing X such that 
f(G} E int resp., /(C) E clQ f). 

Proposition 2.24 [17]: For a function fiX -> T , the following statements are equivalent: 
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• /is almost Ss-continuous. 

• For each x e X and each fi-open set in Y containing f (A), there is an S s -open set U in X containing x such that / 

(W)= R. 

• The inverse image of each cS-open set in Y is Ss-open in A'. 

3. CHARACTERIZATIONS OF S s -COMPACT SPACES 

Definition 3.1: A filter base B in a topological space (X tO 5 s -converges (resp., S s — 9 —converges) to a point 
x £ X, if for every S s —open set U containing x, there exists an F <= 2 such that F E U (resp., F Q 

Definition 3.2: A filter base B in a topological space (X t) ^-accumulates (resp., S s — & —accumulates) to a 
point xeX,KFnU*lfl (resp., F Pi Cf(L0 5= <ji) for every Sg —open set U containing X and every F E B. 

It is clear from the above definitions that, if a filter base 5; —converges (resp., 5; —accumulates) to a point in a 
topological space, then it is S s — 9 converges (resp.,Sj — 9 accumulates) to the same point. 

In the following example, we see that a filter base is S s — 9 convergent which is not ^-convergent and 
S s — & —accumulates which is not ^^-accumulates. 

Example 3.3: Consider ,Y = [a, b, c, i) with topology t = {X X, {<■}, {a, d}, {a, c, ii}] and let 

B = {&>, cl [b, c, e’}Cg, b, c}, A}. Then ® is — & convergent to c but it is not 5 s -convergent to c, because {cl is X-open 
set containing C and there is no an F E ® such that F '= {/}. 

Example 3.4: Consider the space 'Xt] given in Example 3.3 and let S = [fib, c}, [&, c, d }, {< 2 , b, c}, A?}, then S is 
S s — 9 1 accumulates to the point o but it is not S s —accumulates to o, because fio, 0 ’} is as X'°P en set containing a and 
there is F = [6, c] E S, such that {X s'] IT F = 

Remark 3.5: If a filter base B is S s —convergent to a point .v E ” in topological space, then x is an 
5 5 -accumulation point of B 

The converse of the above remark is not true in general as it is shown in Example 3.3. that the filter base 
B X-accumulates to the point c. 

Theorem 3.6: Let S be a filter base on a space X. Then the following statements are equivalent: 

• The filter base S is S s —accumulates to a points E X. 

• There exists a filter finer than ® and it is S 5 —convergent to x. 

Proof: Obvious 

Proposition 3.7: If B is a maximal filter base on a space X. Then B is S s —accumulates to a point .t E X if and 
only if S is S s —convergent to x 1 . 

Proof: Let S be a maximal filter base on a space X and S s —accumulates to a point .t e X, then by Theorem 3.6, 
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there exists a filter 2 L finer than S and S s — convergce tox. But 2 is maximal filter base. Thus 2 is S s —convergence 
to x. Conversely. Follows from the definition 

Proposition 3.8: Let $ be a filter base in topological space t¥, Tj if any semi-closed E in X containing}.', there 
exists an F E 2 such that F H 5 = then lBS s —accumulates to a point x. 

Proof: Let U be an S^-open containing x , then for eachx e U, there exists a semi-closed set F in X such that 
x e E E U. By hypothesis there exists Fe 3 such that F D E = <p which implies thatF IT U =£ <p. Hence 
2 S s —accumulates to a pointx. 

Proposition 3.9: Let 2 be a filter base in topological space tX, t) if for every semi-closed set E in X containing 
X , there exists an F E 2 such that F = E, then 2 F; —converges to the point X. 

Proof: Let U be an Sj-open set containing x , then for each x E U, there exists a semi-closed set E in X such that 
x E E E U. By hypothesis, there exists an F 6 3 such that FEF implies that FEU. Hence 2 ^-converges to x. 

Theorem 3.10: Let 2 be a filter base in topological space (A',tJ. If S is j. : —convergent (resp., 5$ —accumulates) 
to a point x E X, then 2 is rc-convergent (resp., rc-accumulates) to x. 

Proof: Let 2 be a filter base in a space X and let U be any regular closed set containing x, then U E S s O (X). 
Since 2 is convergent (resp., S s —accumulates) to the point x, then there exist F E 2 such that F £ U 
(resp., F V\U £ <fi) this implies that 2 is rc-convergent (resp., rc-accumulates) to x. The converse of Theorem 3.10 is not 
true in general as it is shown in following example: 

Example 3.11: In Example 3.3. The family of regular closed sets are only and X and hence 2 is rc-convergent 
to £7 but it is not ^-convergent to C. And 2 is rc-accumulates to Q but it is not Jj-accumulate to Q. 

Proposition 3.12: Let 2 be a filter base in topological space (X Tj. If 2 is 5. -convergent (resp., J^-accumulates) 
to a point x € X, then 2 is 0 -convergent (resp., ^-accumulates) to x. 

Proof. Similar to the proof of Theorem 3.10 

Proposition 3.13: Let S be a filter base in topological space (X, rj. If 2 is ^convergence (resp., ^-accumulates) 
to a point x E X, then 2 is S-convergent (resp., S -accumulates) to x. 

Proof: Let 2 be a filter base in a space X and let U be any open set containing}', then int cl £t0 is regular open set 
in X. So, ififc cl(.U) e S s G(X) since 2 is —convergence (resp., S s -accumulates) to a point .t, then there exist Fe2 
such that F c int ( resp., F Pi int riCt/3 ^ fp) this implies that 2 is ^-convergence (resp., £ -accumulates). 

Theorem 3.14: If fiX — > Y is an .^-continuous (resp., almost ^-continuous) function, then for each point x € X 
and each filter base 2 on a space X which is ^-convergence to x, the filter base /(23 is convergent (resp., ^-convergent) 
to /Or}. 

Proof: Suppose that X belong to X and 2 is any filter base in X which .^convergent to By .^-continuity 
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(resp., almost ^-continuity) off , for any open set V in ¥ containing /fcr}, there exist U £ S s 0 (X) containing x such that 
f{lf) E F( resp., f(ff) E int But 2 is A, -convergence to x in ”, so there exist F E B such that F E V implies that 

/CF) E F( resp., /(F) = rf(V)). Thus f (2) is convergent (resp., fi-convergent) to f tx). 

Definition 3.15: A topological space (X,t J is called S s —compact if for every S 5 —open cover : A G A} of 
X, there exists a finite subset A .of A such that A' = Since every 5 S —open set is semi-open, we obtain the 

following result. 

Remark 3.16: Every semi-compact space is S s —compact. 

The following example shows that the converse is not true. 

Example 3.17: Let X = R and t= {(jb} U {Rj U CC — go h) : h e Rf then the family of semi-open sets is 
SO(X) = <», &}:£) E —at, &]: b eH}} and the family of — open sets is = {$.■ Rs. Hence X is 

S 5 —compact but it is not semi-compact. 

Proposition 3.18 [11]: Let X be a semi Fj-space then X is semi-compact if and only if it is finite. 

Corollary 3.19: Let X be semi Tj-space then X is S s —compact if and only if it is finite. 

Proof: Straightforward. 

Theorem 3.20: If a space X is S'" —regular and 5$ —compact then it is semi-compact. 

Proof: Let : Jl E A} be semi-open cover of X, then for each x E X, there exist E A such that x £ tfj . Since 
X is A” —regular, then by Theorem 2.8, there exists an open set V of X such that x E V E cE(P) E Efj This implies that 
E/j e S s O(X). and since X, is S s —compact, then there exists a finite subset A,of A such that X = Uj £ ^ U^. This shows 
that X is semi-compact. 

Theorem 3.21: If a space X is S s —compact then it is B -compact. 

Proof: Follows from the fact every 0-open is A s -open set. 

Corollary 3.22: If a topological space (X tJ is S s —compact, then it is quasi H-closed and hence mildly compact. 

Proof: Follow from Theorem 3.21 and the fact that each nearly compact is quasi H-closed and hence it is mildy 

compact. 

Theorem 3.23: If a space X is —compact, then it is s-closed. 

Proof Let [Ux'.X £ A] be any semi open cover of X, then {cEtLfr):! E A] is a regular closed cover of X implies 
that E A} is S s — open cover of ” and since ” is —compact, then there is finite subset A,, of A such that 

This shows that X is s-closed. 

Theorem 3.24: If a space X is S s —compact, then it is S-closed. 
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Proof: let [Fj : X E A} be a regular closed cover of X , then [Fj : X E i} is S s —open cover of X. Since X is 

S s —compact, then there exist finite subset A, of A such that X = and this shows that X is S-closed. 

Theorem 3.25: For any topological space (A', tJ the following statements are equivalent: 

• X. is 5^-compact 

• Every maximal filter baseS on a space X is 5^- converge nee to a point x E A'. 

• Every filter base 3 on a space X is .^accumulates to some point x E X. 

• For every family {PisA E A} of 5 5 -closed subsets of X, such that fl{fj :A E A] = p, there exist finite subset A.. 

of A such that flft^ : Jl E A..} = p. 

Proof (1) =1(2): Suppose that X is F £ -compact and let 3 = [F[ : A t A] be a maximal filter base on X. suppose that 
3 does not con verges to any point of X. Since 3 is maximal filter base then by Proposition 3.7, 3 does not 
5 5 -accumulates to any point of X. This implies that for every x E X, there exists an j : --opcn set U x and F t t x j E S such that 
U x = p. The family {[/* : x E X} is an 5 5 -open cover of X and by (1), there exist finite number of points 

x b x 2 ,x 2 ,...,x a such that X = U{u x .-.i = 1 ,2,3, ..... 7i}. Since 3 is a filter base on X, there exists F eS such that 
F Q = 1,2, Hence F n U x . = p for each t = 1,2 ,... ,n implies that nCufejif =1,2,3, = p, then 

F Pi X — ip. Therefore, F = <p which contradicts the fact that F = i p. Thus 3 is .^-convergence to a point X. 

(2) =t (3). Let 3 be any filter base on X, then there exists a maximal filter base 3 L such that S £ f B i . By (2), Ej_is 

5 5 -convergent to some point x E X, this implies that for every S^-open set V containing x, there exists F 1 E Sj such that 

l 7 ! £ K. Thus, for every F e S, we have p = F C\ F 2 '= F DU this shows that 3 is 5 s -accumulates to the point x. 

(3) => (4). Let &jjX E A} be family of Fs-closed subsets of X such that flflft sX E Aj = p. Suppose that every 
finite subfamily fl - : t = 1,2, = p. Therefore, S = ^n? =1 E iV,Fj. e {Pi : A E A}j forms a filter base on 

X. Then by (3), 3 is 5 5 -accumulates to some points x E X which implies that for every 5 s -open set U containing 
n u = p for every Vj E S and each X £ A. Since.!' £ n{^:iled), then there exist X.. £ A such that X £ V^ t . 

Therefore X £ A' \ which is 5^-open set in X. But 17^ D X \ V a = p which is a contradiction since ^accumulates 

to x. And this completes the proof. 

(4) ^(1). Let [£F- l sA E A] be any S^-open cover of X, then [£ \ : X E A} is a family of 5 5 -closed subsets of X 

such that n{AT\E5[:Xe A] = p. So, by (4), there exists a finite subset A.of A such that this implies that 

fllDf \ Ux sX E A,} = p. Hence, X = U {A^sA E A.J. This shows that X is JS^-compact. 

Proposition 3.26: If every semi-closed cover of X has finite subcover, then X. is S s —compact. 

Proof: Let {Lf t : X- E Aj be a cover of X by 5 S —open set, then for each.!' E X, there exists a semi-closed set 

Fj such that x £ Fj £ E/j , thus [FJ : X E A} be a semi-closed cover of X. By hypothesis, there exists a finite subset A., of 

A such that X £ Fj £ U.lsi, Hence A' is —compact. 
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Proposition 3.27: If X is —compact and semi-regular space, then it is compact. 

Proof: Let : A £ il be an open cover ofA*. SinceAf is semi-regular then by Lemma 2.16, 

f>l £ 5jf?(A'J far every A E A . Hence, [f/j ;A E A] is an 5$ —open cover of X and since X is 5.- —compact, then there 

exists a finite subset A.. of A such that X = Hence X is compact. 

Lemma 3.28: If a topological space (AT, is locally indiscrete, then r = S s OQQ. 

Proof: Suppose that X is locally indiscrete and let U be an open subset of X. By definition of locally indiscrete 
int clilf) = U, therefore V is regular open and hence U is 55-open . on the other hand let P be an 55-open set in X, then for 
each x E P there exist semi-closed set F such that x E F •= P by proposition 2.2, F is an open subset of X this implies that 
I 1 is an open set in Aland this complete the proof. 

Proposition 3.29: If a space X is locally indiscrete then X, is S s —compact if and only if it is compact. 

Proof: Follows from Lemma 3.28. 

Proposition 3.30: Let/ : X — >■ Y be contra S 5 — continuous, surjective function if A' is 55 —compact, then Y is 
strongly S-closed. 

Proof: Let {lJ:A £ i] be a closed cover of Y. Since / is contra 5 S — continuous, then f/ -L £Pi3s A E A] is a cover 

of X by 55 —open sets. Since is —compact, then there exists a finite subset A., of A such that X = U^ sii / -1 (Pi3 

implies that Y = f(x) = = Uj Eiti Pi. Hence Y is strongly S-closed. 

Proposition 3.31: Let fiX — > Y be 5 S — continuous (resp., almost 5 S — continuous) surjective function if X is 
5j —compact, then Y is compact (resp., fi-compact). 

Proof: Let : A G A] be cover of X by open (resp., £-open) sets. Since / is S s — continuous 
(resp., almost S s — continuous), then by Proposition 2.24, £/ -L (Efr}: A E A} is cover of X by 5^ — open sets. Since X is 
S s —compact, then there exists a finite subset A, of A such that X = implies that 

Y = f(X 3 = = Uiea.^ 1- Hence Vis compact (resp., ^-compact). 

Definition 3.32: A topological space iX,f) is called countably S s —compact if every countable cover of X by 
S 5 —open sets has finite subcover. 

Proposition 3.33: Every countably 5 S —compact space is countably S-closed. 

Proof: Let £ f ; l} be countable cover of a space X by regular closed sets, then [f/ t; : 71 e Ff] is countable 

cover of a space by S s —open sets and since X is countably S s —compact, then there exists a finite subset f ; L such that 
X = UhsJL^r ■ Hence X is countably S-closed. 

Proposition 3.34: Every countably S s —compact space is feebly compact. 
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Proof: Let [I7 G ;ti E FI} be countable cover of a space X by an open sets. Then cl(}J n ) is regular closed for each 
nEfl and hence [clXjJpfn E RJ] is a countable cover of the space X by —open sets. Since X is countably S s —compact, 
then there exists a finite subset RL of M such that X = and this shows that X is feebly compact. 

Proposition 3.35: In locally indiscrete space, every feebly compact is countably S s —compact. 

Proof: Let E M} be a countable cover of a space ” by S s —open sets. Since X is locally indiscrete then by 

Lemma 3.28, U n is an open set for each ?i E FI and hence X = U nEK _rf(f/ t J = LP^j^ f/ t; and this complete the proof. 

Remark 3.36: The following statements are true 

• Every semi-countably compact space is countably S s —compact. 

• Every S s —compact space is countably S s —compact. 

Proposition 3.37: If a topological space Of, tJ is locally indiscrete then the following are equivalent: 

• Countably compact. 

• Countably S s —compact. 

Proof: Obvious by Lemma 3.28 

Definition 3.38 [2]: A space Of, t) is called km — perfect if for every G E ROQ\) and for every point x E X\G, 
there exists a sequence {[/„:?! E ftf} of open sets of X such that U E j; C C C U K = j,- cE C J and X £ U EE x 

Proposition 3.39 [2]: If (X '0 countably S-closed and fcm — perfect, then it is extremally disconnected. 

Corollary 3.40: If Gf, tO countably 5; —compact and km-perfect, then it is extremally disconnected. 

Proof: Follows from Proposition 3.39 and the fact every countably S s —compact space is countably S-closed. 

Lemma 3.41 [2]: A subset A of a space Of, t] is /?-opcn if and only if Cl (A) is regular closed 

Proposition 3.42: If a topological space Of, tJ is countably —compact space, then the following statements are 

true: 

• For every countable cover E fj} by semi-open sets there exists a finite subset of FI such that 

* = 

• For every countable cover [W n :fi E ff] by £?-open sets there exists a finite subset M_ of FI such that 

X = LWrfW. 

Proof (1): Follows from the fact that the closure of semi-open is S s —open set. 

(2) Follows from Lemma 3.45. 

Proposition 3.43: If a space (X Tj is countably 5; —compact and A is semi regular subset of a, then (A, T^J is 
countably S s —compact. 
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Proof: Let [iy, : 71 £ K] be countable cover of ,4 by S s —open sets in.4. Since ,4 is semi regular, then by 
Proposition 2.17, [f^: n E PJ} is a countable cover of A by —open sets in Therefore, is a countable 

cover by —open sets in X. Since A' is countably S s —compact, then there exists a finite subset EL of M such that 
X = U re k.,Jh U F~ and hence ,4 = U R =K 4 iy.. This shows that (A , is countably S s —compact. 

4. S^-SETS AND A s -COMPACT SUBSPACES 

In this section, we investigate subsets of a topological space which are Sj-compact relative to the space and also 
as a subspace. 

Definition 4.1: A subset .4 of a space X is said to be an 5 s -set (resp., ^-compact subspace) if for every cover 
e A] of ,4 by Jj-open subsets of X (resp., 5 5 -open subsets in ,4) , there exist finite subset A, of A such that 
A £ U ;leAi [ft (resp., A = U Jeii Eft). 

Proposition 4.2: If .4 is semi regular subset of a space X which is also J 5 -set then A is an 5 5 -compact subspace 

Proof: Let : A £ Ai be a cover of A by 5 s -open subsets of A. Since ,4 is semi regular, then by Proposition 2.17, 
ift £ S s QQ?J for each £ A . Since ,4 is S^-set, then there exist finite subset A,, of A such that j 4 £ But [ft E 4 for 

each A £ A and hence .4 = [ft. This shows that A is an A-compact subspace. 

Proposition 4.3: An E-open, semi-closed subset .4 of a space X is S^-set if .4 is S^-compact subspace. 

Proof: Let .4 be 5$-compact subspace and let {Eft : A E A} be a cover of.4 by 5^-open subsets of X, then by 
Proposition 2.19, .4 ft ift E S s (?{X) for each 1 £ i Since .4 is cr-open, then by Proposition 2.18, .4 fl Eft E S s OiA) for each 
A £ A. This implies that [.4 fl [7} :A £ At is 5 s -open cover of ,4. Since ,4 is a A-compact subspace, then there exists a finite 
subset A., of A such that .4 - U.uaJA n Eft) e [ft . This shows that .4 is 5, --set. 

Proposition 4.4: A space X is J 5 -compact if and only if every proper 5 5 -closed subset of X is J 5 -set. 

Proof: Let ,4 be a proper ^closed subset of the5 s -compact spaced and let {Efts A £ A} be a cover of A by 
5 5 -open subsets of X. Since .4 is S^closed, then AE \.4 is 5 s -open. But .4 £ Eft thus X = U (3f \A). Since X 

is ^compact, then there exists a finite subset A 0 of A such that X = Eft U(X \4). This implies that E [ft . 

Hence .4 is 5j-set. 

Conversely. Let [Fj:A £ A] be anA 5 -open cover of X. Thus H = F r is an ift-closed subset of X for some A. £ A 
and : A £ A1 is J s -open cover of H for each A £ A - ,A, ]. By hypothesis H is 5 s -set, then there exists a finite subset 
A., of A - (a J such that H E F~ and since X = H U F^, then X = UOft:A 6 A^UIft,. Hence X is 5 s -compact. 

Corollary 4.5: Every semi regular subset of an A-compact space is an A-compact subspace. 

Proof: Let .4 be semi regular subset of the ^-compact space X. Therefore, A is 5 s -closed then by Proposition 4.4, 
AS is A.,-- set and then by Proposition 4.2, ,4 is J s -compact subspace. 
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Proposition 4.6: Every A^-set in a space X is quasi H-closed. 

Proof: Let {EJ^ : A E A} be a cover of .4 by an open sets in X, then cE(UjJ is regular closed sets in A? for each 1 E A 
which implies that [cf(E^3 : X E A] is a cover of .4 by A^-open sets in X. But .4 is A^-set, then there exists a finite subset A., 
of A such that .4 £ U ileii cECE/iX This shows that .4 is quasi H-closed. 

Corollary 4.7: Let ¥ be any clopen subspace of a space X and .4 be any subset of ¥ then .4 is 5 5 -set of X if and 
only if .4 is A s -set of Y. 

Proof: Lollows from Theorem 4.2 and Proposition 4.3. 

Proposition 4.8: Every Aj-set in a space X is N-closed. 

Proof: Similar to the proof of Proposition 4.6. 

Corollary 4.9: In a semi T L -space, a subset ,4 is a 5 r set in X if and only if it is semi-compact. 

Proof: Lollows from Proposition 2.21 

Proposition 4.10: If 4 and B are two A s -sets in a spaced, then so is 4 U B. 

Proof: Let {t/ji : A E A} be a cover of .4 U B by S^-open sets in X. Therefore ,4 U B E Uj_ Ei I/j this implies that 

-4 Q U.iej, and ■- U,i E j, 14 ■ Since ,4 and 8 are 5 r sets in a space X, then there exist finite subsets M and N of A such that 
,4 E UjiEjyj and 3 = . This implies that .4 U 3 C Uj[ cMluW L^. Hence .4 U B is an A 5 -set. 

Theorem 4.11: Let ,4 and B be two subsets of a spaced. If .4 is an A £ -set and B is Air-closed set in X, then ,4 IT B 
is an Jj-set in X . 

Proof: Let {Jr : X E A} be any cover of A Pi B by J^-open sets of X. Since 3 is J^-closed set, then X\B is 
Aj-opcn, and thus .4 Q LI’jgjFj U (Af \B.J. But 4 is an A 5 -set in ”, then there exists a finite subset A, .of A such that 

4 £ U (A! \B\ Therefore 4 IT .3 E U^Ei.^1- Hence 4 IT B is an A 5 -set in X. 

Corollary 4.12: Let 4 be an A 5 -set in the space ,” and B is ^-closed subset of ”, then the following statements 

are true: 

• If B £ A, then B is an A s -set in X. 

• If 4 is closed and X is extremally disconnected, then fntC4) is A s -set. 

Proof: (1) Since 4 is an A s -set and Sis A s -closed subset of X, then by Theorem 4.1 1, 4 H B = B is A r set in X. 

(2) Since 4 is closed, then mt(4j is regular open. Since X is extremally disconnected therefore, mt(4) is regular 
closed subset of Jfand hence tw£ (4 J is A s -closed subset of X, so by Theorem 4.1 1, mH.Aj is S 5 -set. 

Corollary 4.13: Let X be an A 5 -compact and extremally disconnected and 4 is closed subset of X. If the boundary 
of .4 ,£l04X is an A £ -set, then .4 is A^-set in X. 

Proof: If &C4D = <p, then 4 is clopen subset of the A^-compact space X and hence it is Aj-set in X. In case that 
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== A is closed set in the extremally disconnected space A', therefore mtt4) is a proper ^-closed subset of the j 5 - 
compact space A!. Thus, by Proposition 4.4, mt(.4} is an S^-set and hence by Proposition 4.10, A is 5j-set in A'. 

Theorem 4.15: For any topological space ( X , Tj , the following statements are equivalent: 

• X is 5j-set (resp., ^-compact subspace). 

• Every maximal filter base S on a space A' is .^-convergence to a points E X. 

• Every filter base 2 on a space A' is ^-accumulates to some point x <= X. 

• For every family {Fi : X E _l} of -^-closed subsets of A', such that flClJ :X E A; = there exists a finite subset 

A-of A such that \k £ A..] = <j&. 

Proof: Similar to the proof of Theorem 3.25 

Proposition 4.16: Let ,4 be a subset of topological space (X t) . If every cove of ,4 by semi -closed subsets of X 
(resp., by semi-closed subsets of .4) has a finite subcover, then .4is J £ -set(resp., .^compact subspace). 

Proof: Similar to the proof of Proposition 3.26. 

proposition 4.17: Let f\ X — * Y be an ^-continuous function. If ,4 is an 5 5 -set in X, then f(A) is compact. 

Proof: Let : Jl E A] be a cover of ,4 by open sets in X. Since / is ^-continuous, then / - 1 (f/{ ’) e S^OVO for 
each X E A. Since .4 is S r set, then there exists a finite subset A.of A such that .4 £ uwW and thus 
/C4) '= Uj. Hence / (A) is compact. 

Corollary 4.18: If fiX — > Y is ^-continuous and if ,4 is S' s -set, then f(A) is compact. 

Proof: Follows from the fact that each ^-continuous function is 5 5 -continuous. 

Corollary 4.19: If a function /: X — * Y is ^continuous (resp., almost A 5 -continuous) and ,4 is J £ -closed subset 
of theA.-compact spaced, then f(A) is Jj-set (resp., N-closed) 

Proof: Let {p[ : A E A] be any cover of f(.A) by an open sets in Y, then for each x E .4, there exist X 6c) E A such 
that f (xl £ ;■ y , . Since / is ^-continuous (resp., almost 5 5 -continuous), then there exists an J’ 5 -open set U x such 

that f(U x } = (resp., f(.U x ) '= int rf (Vu*)}) ■ Therefore, \U r x E A} is 5j-open cover of .4. Thus, there exists a finite 
subset A, of A such that .4 '= U{Lf a :x E A..] implies that /GO c /(UU^:.!. E A,}) c :.i E A,} 

(resp., fW '= E Aj) Q U {tn£ E A : } this shows that f(A) is Syset (resp., N-closed). 

Definition 4.20: Let A be a subset of X. A function f: X — * .4 is called weakly .^-continuous retraction if /is 
weakly .^-continuous and /|,4:.4 — > .4 is the identity of ,4. 

Proposition 4.21: Let ,4 be a subset of X and f:X — > .4 be a weakly ^-continuous retraction. If X is Urysohn and 
extremally disconnected space, then .4 is -^-closed set. 
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Proof: Suppose that A is not ^-closed set. Then there exists a point x E X such that x S S £ dG4) \ A . Since / is 
weakly ^-continuous retraction, we have / (x ) ^ x. Since X is Urysohn, then there are two open sets U and V such that 
x E U, f(x) £ V and cl Of) ncl(P) = Hence, by Definition 2.23, there exists an^-open set IV containing x such that 
clilf) H IV = fp. By Proposition 2.19, cl (if) n IVis an S £ -open set containing x and hence Cel (JJ) H IV J H ,4 ~ <p 
because^ £ 5 5 cJCA! . Therefore there exists a pointy £ CeiClOnlV] n.4. Sincey £ A, we have 
/(;y) = y £ (el(Ef) H IV) n A S, clQl) and hence /(y) ^ ri(V) this implies that /(IV} 1 E because y E IV. 

This contradicts the fact that / is weakly ^-continuous. Hence A is ^-closed set. 

5. CONCLUSIONS 

A new type of convergence of a filter base is defined by using the concept of S_s-open sets this type of 
convergence is weaker than the s-convergence and stronger than rc -convergence and 9-convergence. By using this type of 
convergence the concept of S_s-compactness is characterized and it is proved that the concept of S_s-compactness is 
weaker than the s-compactness and stronger than the concept of quasi H-closed spaces and 0-compact spaces. Some other 
relations among this concept and other similar concepts were found. Moreover, the concepts of S_s-open sets, 
S_s-convergence of a filter base and S_s-compactness can be extended to bitopological spaces. 
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